In recent letter [Phys. Rev. Lett 123, 110602 (2019)], Y. Hasegawa and T. V. Vu derived a thermodynamic uncertainty relation. But the bound of their relation is loose. In this comment, through minor changes, an improved bound is obtained. This improved bound is the same as the one obtained in [Phys. Rev. Lett 123, 090604 (2019)] by A. M. Timpanaro et. al., but the derivation here is straightforward.
Let P (σ, φ) be the probability that we observe the total entropy production σ and the observable φ in the forward process, and assuming the strong detailed fluctuation theorem holds, i.e., P (σ, φ)/P (−σ, −φ) = e σ . In [1] , it is obtained that
For convenience, denote
Obviously, h(σ) Q = σ and h(σ) is a monotonically strictly increasing function for σ ≥ 0, see [2] . We denote the inverse function of h by g, i.e., g(h(σ)) = σ. It can be mathematically shown that w(h) := f [g(h)] satisfies w ′ (h) > 0 and w ′′ (h) < 0 for h > 0, which means w(h) is a concave function, see Fig. 1 . By Jensen inequality,
From Eqs. (1,2) , we obtain
Therefore,
(4)
Since f [g( σ )] = tanh 2 (g( σ )/2) < tanh( σ /2), the bound given in Eq. (3) is stricter than the one given in [1] , which is
see Fig. 1 . Consequently, the thermodynamic uncertainty relation given in Eq. (4) is stricter than the one given in [1] , which is Finally, the bound given in Eq. (4) is the same as the one given in [3] , which is
withĝ the inverse function of σ tanh σ. Actually, it can be easily shown that g( σ )/2 =ĝ( σ /2). So, csch 2 (g( σ )/2) = csch 2 (ĝ( σ /2)), and the thermodynamic uncertainty relation given in Eq. (4) is the same as the one obtained in [3] (Eq. (7) ), but the derivation here is more straightforward.
